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Abstract. Consider the solution of the free time-dependent Schro- 
dinger equation with initial data /. It is shown by Sjogren and 
Sjolin [5] that there exists / in the Sobolev space H s (EL d ), s = d/2 
such that tangential convergence can not be widened to conver- 
gence regions. In [3J we obtain the corresponding results for a 
generalized version of the Schrodinger equation, where — A x is re- 
placed by an operator <p(D), with special conditions on (p. In this 
paper we show that similar results may be obtained for initial data 
in Fourier Lebesgue spaces. 



I. Introduction 

In this paper we establish non-existence results of non-tangential 
convergence for the solution u = S^f to the generalized time- dependent 
Schrodinger equation 

((p(D)+id t )u = 1 (1.1) 

with the initial condition 

u(x,0) = f(x). 

Here ip is real-valued, and its radial derivatives of first and second or- 
ders (if' = ip' r and if" = ip" r ) are continuous outside a compact set 
containing origin, and fulfill appropriate growth conditions. In partic- 
ular ip (£) = |£| a will satisfy these conditions, for a > 1. The exact 
conditions of admissible functions are given later on and we refer to [3] 
for further examples of admissible functions (p. By non-tangential con- 
vergence we mean convergence to initial data as time goes to zero and 
the space variable depends on the time non-linearly, i.e. the space 
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variable is not fixed (as for convergence along vertical lines), nor lin- 
early dependent of time (as for convergence along arbitrary straight 
lines). Furthermore, we consider initial datas in the weighted Fourier 
Lebesgue space, &IP S = &L*Ly where w(x,£) = (£) s = (1 + |£| 2 ) s/2 , as 
well as for mixed weighted Fourier Lebesgue spaces, 




where u{x,£) = w(x,£i,£ 2 ) = (£i) Sl (6) S2 and & e R d \ £ 2 e R di . 

For p = 2 and initial data which belongs to ^L^, ^ , (R ) we re- 
cover Theorem 1.1 in [3]. There we proved existence of a function / 
in the Sobolev space 

H d/2 = guch that 

near the vertical line 

t i — y (x, t) through an arbitrary point (x, 0) there are points accu- 
mulating at (x, 0) such that the solution of equation (II. ip takes val- 
ues far from /. This means that the solution of the time-dependent 
Schrodinger equation with initial condition u(x, 0) = f(x) does not 
converge non-tangentially to /. Therefore we can not consider regions 
of convergence. 

In this paper, we prove that the corresponding results hold for func- 
tions / € ^L p d ^ p _ 1 y p {R d ) for p G (1, oo]. In the proof we use some ideas 
by Sjogren and Sjolin in [5] as well as [3], to construct a counter exam- 
ple. Some ideas can also be found in Sjolin 018] and Walther |11U12] . 
and some related results are given in Bourgain [2], Kenig, Ponce and 
Vega [4j, and Sjolin [6,9J. The result in [3j is a special case of the result 
obtained here and the techniques here are similar. 

Existence of regions of convergence has been studied before for other 
equations. For example, Stein and Weiss consider in [TU| Chapter II 
Theorem 3.16] Poisson integrals acting on Lebesgue spaces. These 
operators are related to the operator S^. 

For an appropriate function ip on R d , let be the operator acting 
on functions / defined by 

/ ^ ^-\ ew (iM0)^f), (1.2) 
where & f is the Fourier transform of /, which takes the form 

/(0 = ^/(0= / e- ix <f(x)dx, 
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when / G L 1 (R d ). This means that, if / is an integrable function, then 
in (H2) takes the form 

e ix-t e iMOf^ d ^ x e R d ; t g R. 

If = |£| 2 and / belongs to the Schwartz class y(R d ), then S v f 
is the solution to the time-dependent Schrodinger equation (— A x + 
id t )u = with the initial condition u(x, 0) = f(x). 

For more general appropriate ip, for which the equation (11.11) is 
well-defined, the expression S v f is the solution to the generalized 
time- dependent Schrodinger equation (II. ip with the initial condition 
u(x,0) = f(x). Note here that S v f is well-defined for any real-valued 
measurable (p and / G 5? . On the other hand, it might be difficult to 
interpret (11.11) if for example (p G" Lj oc . 

In order to state the main result we need to specify the conditions 
on ip and give some definitions. The function (p should satisfy the 
conditions 

liminf( inf \(p'(r,U))\) = oo, (1.3) 

r— >oo \ui\=l 

and 

«p(^*fc|)<C, (1.4) 

r>R \| W |=1 |^'(r,w)| 2 / 

for some /3 > and some constant C Here <p'(roj) = tp'(r,u) denotes 
the derivative of <p(r, oS) with respect to r, and similarly for higher 
orders of derivatives. 

In particular, <p(£) = |£| a is an appropriate function for a > 1 
and S v f{x,t) is then the solution to the generalized time- dependent 
Schrodinger equation ((— A x ) a ^ 2 + idt)u = 0. For a = 2 this is the solu- 
tion to the time-dependent Schrodinger equation (—A x + id t )u = and 
this case is treated in Sjogren and Sjolin [5J. Some additional examples 
of appropriate functions ip can be found in [3J. 

Let p G [1, oo] and u G ^(R '). The (weighted) Fourier Lebesgue 
space ^L p ,) (R d ) is the inverse Fourier image of L p , (R d ) , i. e. &If,s (R d ) 
consists of all / G y'(H d ) such that 

yy L , =\\f.u\\ LP , (i.5) 

(UJ) 
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is finite. If u = 1, then the notation is used instead of ^17, v 

' (w) 

We note that if = then <^L P ^ is the Fourier image of the 
Bessel potential space iff (cf. pQ). 

Here and in what follows we use the notation = &L P , n when 

w(0 = (0 s so 

ll/HW') = JjO sp \m)\ P d£ < oo. (1.6) 

Theorem 1.1. Assume that the function 7 : R + — > R + is strictly 
increasing and continuous such that 7(0) = 0. Let R > 0, and let 
ip be real-valued functions on H d such that ip'(r,u) and ip"(r,u) are 
continuous and satisfy (II. 3p and (II. 4p when r > R. Also letp G (1, 00). 
Then there exists a function f G J^"Lf(R a! ), where s = d(p — l)/p, such 
that S^f is continuous in {(x,t);t > 0} and 

limsup |S*7(y,*)| = +00 (1.7) 

(y,t)-Ka!,0) 

/or a// x G R d , where the limit superior is taken over those (y, t) for 
which \y — x\ < 7(t) and t > 0. 

Furthermore, if p = 1 £/ien £/ie corresponding result holds for any 
s < and if p = 00 the result holds for s = d. 

Here we recall that ip' = ip' r and ip' = tp" r are the first and second 
orders radial derivatives of (p. When p G (1, 00) and s > d(p — l)/p, 
p = 1 and s ^ 0, or p = 00 and s > d, no counter example of the form 
in Theorem 11.11 can be provided, since S lp f{y,t) converges to f(x) as 
(y,t) approaches (x, 0) non-tangentially when / G J^"Lf(R a! ). In fact, 
Holder's inequality gives 

(2n) d \S*f(x,t)\^ [ |/(0|de<IIO"*ll^(a-)ll/O*ll^(R-) 

^ ll(-) _S |lLf'(Rd)ll/IUL?(R d ) ; 

which is finite when / G &LP 8 (R d ), s > d(p — l)/p for some p G (1, 00). 
Here p 1 is the conjugate exponent, i.e. 1/p + 1/p' = 1. Therefore 
convergence along vertical lines can be extended to convergence regions 
when s > d(p — l)/p and / belongs to ^L p s {R, d ). We note that the 
estimates still hold for p = 1 and p = 00, however it follows directly 
from the first inequality that S lp f{x,t) is finite for / G ^L l s {Rf-) and 
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s ^ 0. For p = oo we have that S v f(x,t) is finite for / G ,^Lf{R d ) 
and s > d. 

2. Notation for the proofs 



In order to prove Theorem 11.11 we introduce some notations. Let 
B r (x) be the open ball in R d with center at x and radius r. Numbers 
denoted by C, c or C may be different at each occurrence. We let 

5 fc = 5 M = 7(l/(* + l))/>/d, keN, 
where 7 is the same as in Theorem 11.11 Since 7 is strictly increasing 
it is clear that (6k)ke^ * s strictly decreasing. We also let (xj)j° =1 C H d 
be chosen such that xi, X2, ■ ■ ■ , x mi denotes all points in -Bi(O) H 5\Z d , 
x mi+ i, . . . , x m2 denotes all points in -82(0) fl 82L and generally 

} = B k+1 (0)nS k+1 Z d , for A; 2*1. 

Furthermore we choose a strictly decreasing sequence (tj)^° such that 
1 > ti > t 2 > ■ ■ • > and 

' < U < - 1 - , kN, 



+ 2 " J jfc + 1' 

for m fc + 1 < j < m fc+ i. 

In the proof of Theorem 11.11 we consider the function f v , which is 
defined by the formula 

00 

Ut) = UAO = Kl^aogKD^^X^Oe-^^^, (2.1) 

3=1 

where for p G (1, 00] fixed, we may fixate B such that 1/p < B < 1. 
For p — 1 any 5, such that < 5 < 1, suffices. We also have that Xj 
is the characteristic function of 

^ = {£GR d ;^<|£| </?;•}. 

Here (Rj)? and ^° are sequences in R which fulfill the following 
conditions: 



(1) R!^2 + R, R[ ^Ri + 1, with R given by Theorem PI 

(2) R'j = Rf when j ^ 2, where JV is a large positive number and 
independent of j, which is specified later on; 
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(3) Rj < R'j < Rj+i, when j ^ 1; 
(4) 



\(f/{r,u)\>l when r ^ R; (2.2) 



(5) for j ^ 2 

J -,min(/3,l) 2 

it - > max , (2.3) 

J Kj ti — tj 

where j3 > is the same constant as in (ll.4p and 

inf ( inf \<p'(r,u)\) > max ^' ~ %j V (2.4) 



Remark 2.1. The sequences (Rj)^° and (R'j)™ can be chosen since <£> 
satisfies condition (jl.3p . 

Furthermore, in order to get convenient approximations of the oper- 
ator S v , we let 

SUM = T^w / e^e^/(0 df. (2.5) 

Then 

S£/ V (*,0 = X>?OM), (2.6) 
i=i 

where 

A IM) = tA* / e't—^e^MO^l^QogleD^de. (2.7) 
By using polar coordinates we get 

AJ(x k ,t k ) = j^ Td [ { 1 e^^drWo;), (2.8) 

J (27r) d y M=1 L^. r(logr) B J 

where 

F v (r, u) = r(x k - Xj) ■ u + (t k - tj)<p(r, u), 



and da(u) is the euclidean surface measure on the d — 1-dimensional 
unit sphere. By differentiation we get 

i^(r, w) = (x k - Xj) • w + (t fc - ^)^(r, u) (2.9) 

and 

i5j(r,w) = (t fc -t i y , (r:w). (2.10) 



Here recall that F'(ruj) 



F^(r,uj) and F^(r,ui) denote the first and 



second orders of derivatives of F,p(r,u) with respect to the r- variable. 
By integration by parts in the inner integral of (12.81) we get 



r(logr) 



B 



where 



and 



JF v (r,ui) ^ r 



iF v {r,uj) 



A — R 



r(\ogr) B iF'(r, oj) 



B„ 



i d 



d / 1 
R . dr\r(\ogr) B iF^(r,uj] 

3. Proofs 



(2.11^ 



(2.12) 



(2.13) 



To prove Theorem 11.11 we need some preparing lemmas. In the fol- 
lowing lemma we prove that for fixed x G -Bfc(O) there exists sequences 
and (t nj )f such that 



3 ' 

X f 



G {-^-mfe+i) • • • j %mk+i /' and t n . G {t mfe _|_i, . . . , tm t+ i } 



and \x n . — x\ < j(t n .). The lemma is left without proof since the result 
can be found in [3J. 

Lemma 3.1. Let x G R d be fixed. Then for each k ^ \x\ there exists 
%rij G {x mfc _)_i, . . . , x mk+1 \ and t n . G {^m^+i? ■ ■ ■ ■> ^m^+i} such that \x n . 
x\ < / ~f(t nj ). In particular (x np t rij ) — > (x,0) as j turns to infinity. 

We want to prove that f v in (EH]) belongs to JPL p s (~R d ), with s = 
d{p — l)/p, and fulfill (jl.7p . The former relation is a consequence of 
Lemma 13.21 below, which concerns Sobolev space properties for func- 
tions of the form 

oo 

m) = \t\- d Mt\)-> /p £xdm(t), (3-i) 
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where Xj is the characteristic function on disjoint sets Qj. 

Lemma 3.2. Assume thatp G (1, oo), p > 1, Qj for j G N are disjoint 
open subsets of H d \B^(0) for some p > 2, bj G Lj oc (R d ) for j G N 
satisfies 

SUp 116^11^00(0.) < oo, 

and Ze£ be the characteristic function for Qj. If g is given by ( 13. 1 j) . 
£/ien g G =^L§(R d ), where s = d(p — l)/p. 

For p = 1 and p ^ it follows that g G J£Lj.(R d ) /or any s < 0. 
Furthermore, if p = oo anc? p/p m (13. ip replaced by p ^ 0, £/ten 
o G J^(R d ) /or s = d. 

Proof. By estimating (II. 6p for the function g when p G (l,oo), s = 
d(p— l)/p and the assumptions given by the lemma is satisfied, we get 
that 



R*' 



\g(0\ p (O sp dt 

<:c [ ier*(iogi£ir p (£r^ 

J-R d \B„(0) 



/RdxB M (0) 

< 2 sp/2 C / — -dr < oo. 

r{\ogr)P 

The second inequality holds since (1 + r 2 ) sp l 2 < (r 2 + r 2 ) sp / 2 = 2 sp l 2 r sp 
for r > 1. 

For p = 1 and s < 0, the second inequality, in the estimates above, 
is replaced by 



L 



POO 1 

l£l~ d (log |£ de < 1 sj2 C / dr < oo 

y r 1 ~ s (logr)/' 



'R d NB,(0) 

For p = oo we have the norm 

ess sup(\g(0\ P (O sp ) < ^ess sup |€|>M (|£r d (log |£|)-'<£) d ) 

< 2 d / 2 (log|p|)- p < oo. 

□ 

In the following lemma we give estimates of the expression A 1 ?. 



Lemma 3.3. Let A?{x, t) be given by (12. 7p . Then the following is true: 

k-l 

(1) \ A j( x ^)\ < C( 1 °g^-i) 1 ~' B > with C independent of k; 
i=i 

(2) > c(log R' k Y~ B , with c > independent of k. 

Proof. (1) By triangle inequality and the fact that |£| > 2, when £ G flj, 
we get 

fc— i 

£W(m)|<72^/ ier d (iogiei)- B ^ 

= c I**" n 1 dr < COog^-i) 1 ^, 

J 2 r(logr) i( 

where C is independent of k. In the last equality we have taken polar 
coordinates as new variables of integration. 

(2) Since = R'j for sufficiently large N, we get 

r R 'k i 
J Rk r(logr) B 

= c((io g R' k y- B -(io g (R' k y/ N y- B ) 

= c(i - -^zs)(logR' k y- B > c(logR' k y- B , 
for some constant c > 0, which is independent of k. □ 

Lemma 3.4. Assume that S^f^ is given by (12. 5p . Then S^f^ is con- 
tinuous on {{x,t);t> 0,xe R d }. 

Proof. The continuity for each S^f v follows from the facts, that for 
almost every f G R d , the map 

(x,t)^e l *<e u ^U(0 

is continuous, and that 



\e 

i\<R' m J\t\<R' m 

□ 



When proving Theorem II. 1[ we first prove that the modulus of 
Smfv>( x k]tk) turns to infinity as k goes to infinity. For this reason 
we note that the triangle inequality and (12.61) implies that 



k-l 



\SmU( X k,tk)\ > \Al(x k ,t k )\- | Y^ Al j( X k,h) - ^2 A j( X k,h) , 

j=l j=k+l 

(3.2) 

where m > k. We want to estimate the terms in (13.21) . From Lemma 
I3.3l we get estimates for the first two terms. It remains to estimate the 
last term. 



Proof of Theorem \l.ll 

Step 1. For j > k ^ 2 we shall estimate \Aj(x k ,t k )\ in ([22]). We 
have to find appropriate estimates for A v and B v in (I2.1ip -( 12~T3|) . By 
using t k - tj > and Rj < r < R'j it follows from (T2T4|) . ( l2T9|) . triangle 
inequality and Cauchy-Schwarz inequality that 



\F^(r,u})\ ^ (t k - tj)\<p'(r,u)) \ - \x k - Xj\ 

> (t k - tj)\<p'(r,u)) \ - (t k - tj) 



\<P'(r,u)\ 
2 

\(f'{r,u)\ 



(tk-tj). (3.3) 



From (JOD, O and (J3T3]) it follows that 



\A, 



r(\ogr) B iF'(r } oo) 



C 



+ 



c 



RjKlF^Rj,^ \F^R> p uj)\J ^ (h-t^Rj 
In order to estimate B v , using ( II. 4p . ( I2.1(jp and ( 13. 3p . we have 



d / 



dr \ri\ogr) B iF^{r } u). 

C C\F%(r, U ) 



+ 



< 



C 



r 2 \F'(r,uo)\ r\F'(r,u)\ 2 (\ogr) B r i+min(i,/j)( tfc _ t ) ' 
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This together with (12.30 gives us 



\B U 



d 



(- 



R . dr\r(\ogr) B iF^(r,u) 
C 



r l+min(l,/3)( tfe 



dr -C 



C 



R 



min(l, 
3 



^ C2~ J . 



U 



From the estimates above and the triangle inequality we get 



\A*Ax k ,t k )\^C{\A p \ + \B v \) <C2 



-j 



j > k ^ 2. 



(3.4) 



Here C is independent of j and k. 

Using the results from (13. 2p . (13.41) . in combination with Lemma [3.3[ 
and recalling that Rj = R^, gives us 



\S%J v {x k ,t k )\ ^c(logR k y- B 



C'(\ogR k 



\l-B 



k+l 



> c(log(^)) 



1-B 



a 



■(iog«)) 



l-B 



C ^ c(\ogR 



I \ l-B 



(3.5) 



Ni-B 

when m > k and N is chosen sufficiently large. Here c > is indepen- 
dent of k. 

Step 2. Now it remains to show that S v f v is continuous when t > 0, 
and then it suffices to prove this continuity on a compact subset L of 

{(x,t); t > 0, x G R d }. 

We want to replace (xi,ti) with (x, t) G L in (12. 3p and ( 12. 4p . Since 
we have maximum over all / less than j, we can choose j < oo large 
enough such that for all j > I > jo we have that tj <t[ <t. Hence we 
may replace (xi,ti) with (x,t) G L on the right-hand sides in (12. 3p and 
(12. 4p for all j > jo- This in turn implies that (13.41) holds when (x k ,t k ) 
is replaced by (x, t) G L and j > jo. We use (13 .4p to conclude that 



\Smf<p( X i t) f<pi x it)\ 



(27T) 



c ** e <Me>/ (fl d ^ _ (27r) 



(2 



[€l<flf 

_ , d 
7T 



e^e^K'/^)^ < C ^ 2'* = C2 

„1>-Rm i=m+l 



11 



when m > j . Hence S^f v converge uniformly to S v f v on every com- 
pact set. 

We have now showed that S^f^ converge uniformly to S^f^ on ev- 
ery compact set and from Lemma 13.41 it follows that each S^f^ is a 
continuous function. Therefore it follows that S v f v is continuous on 
{(x,t);t > 0}. In particular there is an iV G N such that 

\suAxk,t k )-s*u(x k ,t k )\ < 1, 

when m > N. Using ( 13. 5p and the triangle inequality we get 

c(logR' k ) 1 - B ^\S*U(x k ,t k )\ 

^ \S%f v (x hl t k ) - S v f v (x hl t k ) \ + \S V fy(x k ,t k )\ < 

l + \STf v (x k ,t k )\. 

This gives us 

\S v f v {x k} t k )\ > c{\ogB! k ) l ~ B - 1 -> +oo as k -> +oo. 

For any fixed x G R d we can by Lemma 13.11 choose a subsequence 
(x n ,,t n .) of (x k ,t k ) that goes to (x, 0) as j turns to infinity. This gives 
the result. □ 



4. Mixed Fourier Lebesgue spaces 

In this section we consider weighted mixed Fourier Lebesgue spaces 
as initial datas for the generalized free time-dependent Schrodinger 
equation. An analogous version of the previous results holds. Due to 
similarities in the proofs, as well as for the definition of initial data, we 
only need to show that the initial data belongs to the mixed Fourier 
Lebesgue space. 

Let p,q G [1, oo] and d\ + d 2 = d, where d±,d 2 G N. From now on we 
consider weights k>(£) = a; (£1,^2), for £1 G R dl and £ 2 £ R d2 , which are 
positive and Ll oc (R d ). The (weighted) mixed Fourier Lebesgue space 
•£LJ3(R d ) = J*LjJJ(R* x R d2 ) consists of all / G y"(R d ) such that 

H/IUiH(R- d ) = 11/ " w IU p ' 9 

(UJ) 

= ( f ( f \m^2)\M^^r d^) q/p d^) lf \ (4.1) 

is finite. If u = 1, then the notation JPL p,q is used instead of ^L p /\. 
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Here and in what follows we use the notation &L P , , \ = ^L v a A a when 

^(6,6) = (6) S1 (6) S2 so 

= [ (&>*»*(/ (62)^1/(61,6)1^6)^^2 <oo. (4.2) 
jR d 2 v Jn d i 7 

Theorem 4.1. Assume that the function 7 : R + — > R + is strictly in- 
creasing and continuous such that 7(0) = 0. Let R > 0, and let (p be 
real-valued functions on R d such that (p'(r,u) and (p"(r,u) are continu- 
ous and satisfy (11. 3ft and (11. 4p when r > R. Also let p, q G (1, 00) with 
1/p + l/q < 1. Then there exists a function f G J^ r L^ <? S2 (R a! ), where 
s i — di(p — l)/p an d s 2 = d 2 (q — l)/q, such that S v f is continuous in 
{(x, t); t > 0} and 

limsup \S v f(y,t)\ = +00 (4.3) 

for all x G R d , where the limit superior is taken over those (y, t) for 
which \y — x\ < j(t) and t > 0. Note that for p = 00 or q = 00 the 
result holds when si = d± or s 2 = d 2 , respectively. 

Remark 4.1. Note that J^L P,P = J^L P holds independently of d\ and 
d 2 - However the weights used in this section for mixed Lebesgue spaces, 
(£,i) Sl (£, 2 ) S2 is not equivalent to those used for the LP spaces, even when 
p = q. In fact, by choosing p = q for these mixed spaces the weights 
are larger then the weights used for the usual Lebesgue spaces, and 
thereby the results in this section for the special case p = q concern 
finding counter examples in a smaller space. It is here important to 
note that the result of previous section are not completely contained in 
the results obtained here, since the condition 1/p + l/q < 1 implies the 
requirement that p > 2 if p = q. No results for p = q < 2 are obtained 
in this section. 

When s± > d\{p— l)/p and s 2 > d 2 {q — 1) / q no counter example of 
the form in Theorem 14. II can be provided, since S v f(y,t) converges to 
f{x) as (y, t) approaches (x, 0) non-tangentially when / G & LP s f S2 (R d ) • 
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In fact, Holder's inequality gives 

(2n) d \S*f(x,t)\ < / / / 1/(6,6)1^6 

JR, d JR d 2 J-R d i 

< II(-) _S2 IIl9'(r^)II / 1/(6, -2)! rf6(-2) S2 || L? (R d 2) 

^ IK") S2 |lL9'(R d 2)ll(") Sl |lLP'(R d i)llll/('l, '2)("l) Sl ("2) S2 |Lp(Rdi)||L9(Rd2) 
= ll(-) _S2 |L«'(R<i2)|K-) -Sl ||LP'(Rdl)ll/IU^ 2 (R<i) 

which is finite when / G J^~L^ 9 S2 (R d ), Si > di(p—l)/p, s 2 > d 2 (q—l)/q 
for some p, g G (1, 00). Here p' and q' denotes the conjugate exponents 
of p and q respectively, i.e. 1/p + 1/p' = 1 and 1/g + 1/q' = 1. As 
noticed for p = 1 in the previous section, different estimates are used. 
For p = q = 1 convergence follows directly from the first inequality for 
/ G ^LP a a , where Si ^ and s 2 ^ 0. In case p = 1 and g G (0, 00) 
we have that 

(2ir) d \S*f{x,t)\ < / |/(0|^=/ (/ 1/(6,6)^6)^6 

^ ll(') S2 |lL9'(R d 2)|| / 1/(6, -2)! ^6('2) S2 ||L9(R d 2) 
</R d i 

= ll(') S2 |L9'(R'«2)||/|ll / ^ 2 (Rd), 

which is finite when / G J£L^ 9 S2 (R d ), si ^ and s 2 > d 2 (q — 1)/?- In 
a similar way it follows that for q = 1 and p G (0, 00), for initial data 
/ G ^L p Si S2 no counter example concerning non-tangential convergence 
exist when s\ > d\(p — l)/p and s 2 ^ 0. Therefore convergence along 
vertical lines can be extended to convergence regions when s\ > d\(p — 
l)/p, s 2 > d 2 (q — l)/q and / belongs to (R d ), or for p = 1 and 

q — 1, s\ ^ and s 2 ^ 0, respectively. 

In the proof of Theorem 14.11 we consider the function f v , which is 
defined by the formula 

00 

Uo = uao = ier d (iogiei)- B E^^) e ^"^^ (0) ' ( 4 - 4 ) 
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where for p,q G (1, oo), 1/p + 1/q < 1 fixed, we may fixate < B < 1 
and < k < 1 such that 1/p < Bk < 1 and 1/g < B(l - k) < 1. We 
also have that Xj is the characteristic function of 

^ = {eGR d ;^<|e|<i?;}. 

We want to prove that in (12. ip belongs to ^L p s f S2 (R d ) and fulfill 
(14. 3p . The former relation is a consequence of Lemma H~T1 below, which 
concerns Sobolev space properties for functions of the form 

oo 

9(0 = ir>gieir /p E^)MO, (4.5) 

3=1 

where Xj is the characteristic function on disjoint sets flj. 

Lemma 4.1. Assume that < p < 1 stica i/iai i/iere exists < k < 1 
for which 1/p < pk < 1 and 1/q < p(l — &;) < 1, Qj for j G N are 
disjoint open subsets of H d \B^(0), where /i > 2, bj G L i 1 oc (R a! ) for 
j G N satisfies 

sup H&jllioom.) < oo, 

and iet Xj ^ e ^ e characteristic function for Qj. If g is given by (14. 5p . 
i/ien g G J^\L^ 9 S2 (R d ) ; where si = dx{p — and s 2 = d 2 (g — l)/q. 

For p = oo or q = oo t/ie reside /io/ds /or si = d x or s 2 = d 2 , 
respectively. 

Proof. Here we give the proof for 1 < p, q < oo. The modifications for 
p = oo and q = oo are left for the reader. By estimating (14.21) for the 
function g we get that 

JR d 2 V</R. d i / 

< / ( f ier dp (iogiei)- pp (6) sip ^iy /P (6) s29 d6, 

</R d 2 \jR d i / 



when |£| > /i. Here it is sufficient to prove that the latter expression is 
finite. Since |£| is bounded from below it follows that |^| and |£ 2 | can 
not be arbitrarily small at the same time. The integral is divided into 
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the three following parts 

\ g/p 

ier*(io g iei)-^(6) sip ^i 

\&\>n \J\ii\<n J 



i6|-*(iogie2i)-« ( [ (ti) aip dtiY* fa)** 9 ***' 



'I6|>a» 

which is finite since g(<ii — d) < 0, 

ier*Oogiei)-"<ei> -ip dei (6)^6 

I6Km V|{i|>a» / 



< / f / l6r*(log|6l)^ p (6) slp ^iy /P (6) S2 ^6, 

-/|6I<M \./|£i|>« / 



~\ ?/p 

\Ci\- ap (^gm- pp (Ci) slp dC. 

I6I<M V^|£i|>M 

which is finite since p(d — d 2 ) < and 

g/p 



c(7 \ti\^"Q°&\ti\)-'* p (ti)' lp dZ 1 ) 

\J\tl\>l* / 

/ l6r d29 (log|6l)^ (1 " % (6) S29 ^: 

If Q I >At 



I6I>A» 

1 

„ ■ ■ ■ j pkp J \J P /•ilog/O'' ; 



^ 2 (s iP +s aq )/2 C f P 1_ ] ( / _ ) dr<00 . 

\Jp r(\ogr 



The second inequality holds since (1 -f r 2 ) sp / 2 < (r 2 + r 2 ) sp l 2 = 2 sp / 2 r sp 
for r > 1. The last inequality follows by choosing < k < 1 such that 
pkp > 1 and p(l — > 1. □ 
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